We prove a "multiplier" result for functions of the infinitesimal generator J? of a symmetric semigroup, which generalizes some previous results by E. M. Stein and M. G. Cowling. As an application, we develop a functional calculus for Jr? in the case when the ¿/-operator norm of S?m has polynomial growth at infinity. In particular, we prove a "multiplier" result of (1) l|7;/||p<||/!|p, feL2(M)nLp(M), whenever 1 < p < co. We say that (Tt)t 0 is a symmetric contraction semigroup if it possesses the above properties. Let m be a complex-valued, bounded, Borel-measurable function on R+ u {0}. We define the "multiplier operator" m(J¿?) by the rule
Jo We assume that Tt satisfies the contraction property (1) l|7;/||p<||/!|p, feL2(M)nLp(M), whenever 1 < p < co. We say that (Tt)t 0 is a symmetric contraction semigroup if it possesses the above properties. Let m be a complex-valued, bounded, Borel-measurable function on R+ u {0}. We define the "multiplier operator" m(J¿?) by the rule (2) m(&)f = I™ m(k)dPJ, feL2(M).
Jo
By spectral theory, m(J¿?) is a bounded operator on L (M). Our concern is to find conditions on the function m which ensure that the operator m(5f), initially well-defined on L (M) n LP(M), extends to a bounded operator on LP(M) for some p , 1 < p < oo.
The first general result in this direction was obtained by E. M. Stein [13, Corollary 3, p. 121] . He proved, under some additional hypotheses on the semigroup (7"i)/>0, that if 1 < p < oo and m is of Laplace transform type, then m(Sf) extends to a bounded operator on LP(M).
M. G. Cowling [2] improved Stein's theorem by showing, under our hypotheses on the semigroup (Tt)t>0, that if m extends to a bounded holomorphic function on the cone T , where r^ = {zGC: |argz| < y/}, then m(2') is bounded on LP(M), provided that \\/p -1/2| < y//n .
Our result involves a more quantitative condition and can be stated as follows. Given a positive integer N, we denote by mN(t, X) the function defined by the rule
and by JÜN(t, u) the Mellin transform of mN(t, X) with respect to the variable X; i.e., jfN(t,u)= -jX~mmN(t,X). 111^'" \\\p< C(p)(l + |w|3log|W|)"/,'-1/2|exp(^|l//7 -1/21 \u\) [2] . Our result gives an answer to a question posed by Stein in [13] . We do not get H results. H results have been obtained by N. T. Varopoulos by probabilistic methods, under stronger hypotheses than ours [14] .
Our result is proved via a ^-function argument and the "Mellin transform technique." The proof is in §1. As a consequence, we give a different proof of Cowling's result. In §2 we restrict ourselves to a rather special situation. We assume that ||| J?'" ||| has only polynomial growth at infinity. This condition is fulfilled in many concrete cases such as stratified groups (here Jzf is essentially the subLaplacean) and compact manifolds (here Sf is any elliptic positive self-adjoint operator). We show that if m satisfies a suitable "Hörmander condition" on R+ , then m(¿¿?) is bounded on LP(M), 1 < p < oo . Results of this type on stratified groups are well known [3, 4, 6, 8, 9] . Their proofs, however, depend essentially on the dilation structure of the group. Our contribution is to prove that an Lp -functional calculus can be developed, without appealing to any geometric property of the underlying space M.
The general case
Throughout the paper we assume that the spectral projection PQ is trivial on LP(M), 1 < p < oo . Then we do not worry about the definition of m(0). We recall some facts that will be needed in the sequel.
Let N be a positive integer. Then, given a function / in LP(M), we define gN(f) by the formula
The Lp theory of the Littlewood-Paley function in several variables was developed by Stein in [11] , while the Lp theory of the ^-function for semigroups was developed by Stein in [13, Corollaries 1 and 2, p. 120] and then refined by R. R. Coifman, R. Rochberg, and G. Weiss [1] . We state the following result for easy reference. We are now in position to prove our main result.
Proof of Theorem 1. The idea of the proof is taken from Stein's proof of the Mikhlin-Hörmander multiplier theorem [12, p. 96] . Take a function / in Dom(J2?N+l)nLp(M).
By spectral theory and the semigroup property, we have is measurable. In fact, we can show that it is continuous. The continuity is a simple consequence of the continuity of the map u >-» 2>m in the strong operator topology on LP(M), the trivial inequality |^v(/,w)|<C/v||w||oo, the //-theory of the g-function and the Lebesgue-dominated convergence theorem. Now, a density argument completes the proof.
We now look for easily verifiable conditions on m which ensure that (4) holds. It is clear that in the general case (i.e., when no restriction is made on the growth of ||| J?'" ||| ), m should be analytic in a neighborhood of the spectrum of ¿2? . As an application of Theorem 1, we give a different proof of Cowling's result. Proof. We first prove the result at the endpoint y/ = n/2. The general case follows from this by interpolation, as in [2] . Let N be an integer > 2 . Let M be the bounded function defined by the rule M(y) = lim m(x + iy). (4) is satisfied and the statement relative to the case y/ = n/2 is proved.
The polynomial growth case
Throughout this section we assume that there exists a positive real number ß such that (8) |||^'"|||p<C(p)(l + |U|/|1/p-1/21, u€R whenever 1 < p < oo. We say that m satisfies a Hörmander condition of order a if (i) m is bounded (ii) supÄ>0 fj* ^\XJmU)(X)\2 < C whenever j = 1,..., a.
This kind of condition was introduced by Hörmander in [6] . T e 7 \l)
We postpone for a moment the proof of ( 11 ). If ( 11 ) (c) In the particular case when M is a stratified group and Sf is (minus) the sub-Laplacean, there are many multiplier results. L. De Michèle and G. Mauceri [3] give a result for the Heisenberg group. The first result for general stratified groups is due to Hulanicki and Stein [5, Theorem 6 .25, p. 208]. They require more regularity assumptions on m and their proof exploits the dilation structure of the group. On the other hand, they also obtain Hp results (p < 1 ). In this context there are also some relevant results of Hulanicki and Jenkins [7] . The result by Hulanicki and Stein has been subsequently improved by G. Mauceri [8] , who weakened the regularity assumption on m and introduced also some local Besov spaces. He obtained Hp results for p > 1 . The case 0 < p < 1 was carried over by De Michèle and Mauceri in [3] . A better multiplier result has recently been obtained by G. Mauceri and the author.
